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ABSTRACT
We consider relay-assisted equalization where a half-duplex
relay forwards a signal to a receiver in attempt to aid in the
task of equalization. All channels are assumed to be fre-
quency selective, and therefore they contribute intersymbol
interference (ISI). We first consider the case of a naı̈ve amplify-
and-forward protocol where the relay forwards a scaled ver-
sion of its received (and ISI-corrupted) signal. We then con-
sider an equalize-and-forward protocol where the equalizer
attempts to perform linear equalization before forwardingits
signal. We show that a relay can indeed provide considerable
benefit in the task of equalization even when only providing
“part-time help”, and we demonstrate the performance of the
two schemes with simulations.

Index Terms— half-duplex, relay, amplify-and-forward,
equalize-and-forward, intersymbol interference

1. INTRODUCTION

Relay-assisted communication has garnered much interest in
recent times, particularly for its use in so-called cooperative
diversity [1]. However, relatively little research existson the
use of relays in intersymbol interference (ISI) channels. While
the bulk of recent interest in the use of relays has been for
their potential for increased diversity in flat-fading Rayleigh
channels, here the focus is on the ability of a relay to assista
finite-length symbol-rate linear equalizer in combatting ISI in
static frequency-selective channels. It is known that a finite-
length symbol-rate linear equalizer cannot perfectly combat
ISI in the single-antenna point-to-point scenario [2], andso
we investigate whether perfect ISI removal is possible with
the assistance of a half-duplex relay. We seek to answer the
following questions:

• Does a “dumb” half-duplex amplify-and-forward (AF)
relay provide any benefit in the presence of ISI?

• Under what conditions can a linear equalizer at the re-
ceiver remove the ISI?

• Is there a performance improvement if the half-duplex
relay attempts to remove ISI before forwarding (i.e.
equalize-and-forward)?

To the best of our knowledge, these questions have not yet
been explored. The possibility of using relays in transmis-
sion through ISI and frequency-selective channels has been
hinted at in various works in the cooperative diversity liter-
ature [3][4], but these previous works have focussed on the
problem of dealing with asynchronicity.

We begin by presenting the system model, and then de-
scribe the operation of the amplify-and-forward relay in an
ISI channel. After addressing the conditions necessary forISI
cancellation, we move on to an equalize-and-forward proto-
col where the relay performs equalization before forwarding
its signal. We demonstrate the mean-square error (MSE) per-
formance of the two protocols via simulations, followed by
concluding remarks.

2. SYSTEM MODEL

2.1. Preliminaries

The system model is shown in Fig. 1. We assume that a source
transmits a continuous stream of data to a destination, and
that a half-duplex relay assists the source in amplifying-and-
forwarding the data on a channel orthogonal to the source-
destination link. Since the relay is constrained to be half-
duplex, we assume that the relay listens forN symbol peri-
ods, and then transmits forN symbol periods. As most of the
existing work that addresses relaying strategies makes theas-
sumption of a memoryless channel, the choice of frame length
N has had little if any importance in frequency non-selective
channels, so most previous works simply assumeN = 1. In
that case, the half-duplex relay forwards symbols that are sent
from the transmitter during the even time periods, and the re-
lay can provide no help for symbols sent during the odd time
periods. The situation is quite a bit different in an ISI chan-
nel, however, and the choice of frame length will play a role.
If, for example, the channel length is longer thanN , the half-
duplex relay will forward a signal that contains contributions
(in the form of ISI) fromall transmitted symbols, in spite of
the fact that it is only providing part-time help. This suggests
that in some cases ISI may enable a relay to assist in forward-
ing all of the symbols, even if the relay is constrained to be
half-duplex.
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Fig. 1. System Model

We consider a simple example to illustrate, focussing on
the source-relay link. TakeN = 1 and let the channel be-
tween the source and relay have impulse response[1, 1

2 ], so
that its length exceedsN . If the source transmits the BPSK
symbols[+1,−1,+1,+1,−1,−1], for example, the sequence
received at the relay will be the convolution which is given
by [1,− 1
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2 ] plus noise. However, since the

half-duplex relay can only receive half of the time, the re-
ceived sequence at the relay is decimated and therefore be-
comes1

2 [−1,+3,−3]. Thus, for this particular example, the
combined effect of this ISI channel and decimation at the
relay can be seen as re-modulation of two BPSK symbols
into a single scaled 4-PAM symbol, via the pairwise map-
ping (+1,+1) → +3, (−1,+1) → +1, (+1,−1) → −1,
(−1,−1) → −3. Under the amplify-and-forward protocol,
then, the destination receives the original rate1/T BPSK sym-
bols directly from the source, and a signal of rate1/2T 4-
PAM symbols from the relay. Both of these signals contain
all of the transmitted symbols, in spite of the fact that the re-
lay is constrained to be half duplex. While this is a contrived
example unlikely to arise in practice, it demonstrates thepos-
sibility that a half-duplex relay forwarding ISI-corrupted data
can assist the destination during all symbol periods.

While we do not treat the issue of frame-synchronization
directly, it is closely related to the issue of ISI as evidenced
by the number of previous works [3][4] which have proposed
equalizer-like structures for handling the asynchronicity of
the relay. We note, however, that our model is general enough
to include such asynchronicity by adding zeros (i.e. delays)
to the front of the source-relay channel response. We make no
assumptions that any form of frame-synchronization has been
performed, nor that the relay has knowledge of its time offset
relative to the source. Thus, in theN = 1 case, for exam-
ple, our näıve relay may assist in forwarding symbols sent at
even time slots (in the case of a trivial unity channel), at odd
time slots (for a channel that is a simple bulk delay), or a mix
of symbols where being “frame-synchronous” is not well de-
fined (in ISI channels). Finally, we assume that receivers can
acquire the channel impulse response (for example, through
an initial training period), but we do not assume there is any
feedback that would enable the transmitters to have any chan-
nel information.

2.2. Amplify-and-Forward

We now describe the details of the system model shown in
Fig. 1. We assume that the relay is a naı̈ve amplify-and-
forward device which satisfies an average unit-power con-
straint. The source itself is not constrained to any frame struc-
tureper se, as it simply sends a constant stream of data. The
relay, on the other hand, effectively introduces a frame struc-
ture of length2N symbols since it listens forN symbols, and
then re-transmits the scaled received signal during the next N
time slots. Thus, we will employ a model based on this frame
structure, where the time indexn is at the frame rate.

The destination employs a frame-rate linear filterF ∈
C

Nf×2N which performs equalization and combining of the
two signals received from the source and relay. TheNf rows
of this matrix shall be partitioned into one group ofNf1 rows
that equalize the signal from the source, and one group ofNf2

rows that equalize the signal from the relay, so thatNf =
Nf1 + Nf2. Thus, the length2N frame output of this filter is

x̃[n] = F⊤

[

ysd[n]
yrd[n]

]

∈ C
2N (1)

whereysd[n] ∈ C
Nf1 is the signal received from the source,

andyrd[n] ∈ C
Nf2 is the signal received from the relay.

We assume that the source sends i.i.d. complex symbols
with unit average power, and that all channels are causal linear
time-invariant FIR with complex circularly symmetric addi-
tive white Gaussian noise (AWGN). The source-destination,
source-relay, and relay-destination channel impulse responses
are denoted byhsd,hsr,hrd, respectively (where for exam-
ple hsd = [hsd[0] . . . hsd[Nsd − 1]]⊤), and they have cor-
responding lengthsNsd, Nsr, Nrd and AWGN noise powers
σ2

sd, σ
2
sr, σ

2
rd. We can then write the corresponding received

signals as

ysd[n] = Hsdx[n] + wsd[n] (2)

ysr[n] = Hsrx[n] + wsr[n] (3)

yrd[n] = Hrdxr[n] + wrd[n] (4)

wherex[n] = [x[2Nn], x[2Nn−1], . . .] ∈ C
Nf1+Nsd−1 con-

tains the transmitted symbols,Hsd∈ C
Nf1×Nf1+Nsd−1,Hsr∈

C
Nf2+Nrd−1×Nf2+Nrd+Nsr−2, andHrd ∈ C

Nf2×Nf2+Nrd−1

are the Tœplitz channel convolution matrices defined, for ex-
ample, as[Hsd]i,j = hsd[j − i], andw{sd,sr,rd}[n] is the
AWGN. The channel impulse responses include the pulse shap-
ing, possible frame asynchronicity, and carrier phase offsets.
So that our matrices contain whole frames, we implicitly re-
quireNf2 + Nrd − 1 to be a multiple of2N , and thatNf1 +
Nsd + 1 = Nf2 + Nrd + Nsr, both of which can trivially be
satisfied by appending zeros to the appropriate channel im-
pulse responses.

The signalxr[n] ∈ C
Nf2+Nrd−1 which appears in (4)

is the signal emitted by the amplify-and-forward relay. This
can be expressed asxr[n] = βΓysr[n] where the scale factor



β = 1/
√

||hsr||22 + σ2
sr is chosen to satisfy the average unit-

power constraint, and the square matrixΓ is given by

Γ = I(Nf2+Nrd−1)/2N ⊗

[

0N×N IN

0N×N 0N×N

]

(5)

with the role ofΓ being the removal of samples fromysr[n]
(to impose the half-duplex constraint during reception to the
relay), delaying byN symbols, and reinsertion of zeros (to
impose the half-duplex constraint during transmission from
the relay). Thus, the equalizer output can be written

x̃[n] = F⊤ (Heffx[n] + weff [n]) (6)

where

Heff =

[

Hsd

βHrdΓHsr

]

(7)

weff [n] =

[

wsd[n]
wrd[n] + βHrdΓwsr[n]

]

. (8)

For a chosen frame delay∆ through the channel-equalizer
chain, we form the mean-squared error (MSE) as

MSE = E
[

||x̃[n] − E⊤
∆x[n]||22

]

(9)

where

E∆ =
[

02N×2N∆ I2N 02N×Nf1+Nsd−1−2N−2N∆

]⊤
.

The orthogonality principle gives the MMSE filter as

F ∗
mmse = (HeffH

H
eff + Rww)−1

HeffE∆ (10)

whereRww = E
[

weff [n]wH
eff [n]

]

. We note that the zero-

forcing (ZF) equalizer can be calculated using (10) but taking
Rww = 0.

We now step back and make several observations. It is
well-known that a finite-length equalizer cannot perfectlyre-
move ISI in a single antenna non-oversampled point-to-point
system [2], primarily because the channel matrix is not tall.
Indeed,Hsd is a wide matrix, and so channel inversion is not
possible without the relay. However, the addition of a naı̈ve
amplify-and-forward relay has the effect of making the effec-
tive channel matrix (7) tall, which implies the possibilitythat
the finite-length equalizer cancompletely remove all ISI (e.g.
with a ZF equalizer). Specifically, the effective channel ma-
trix needs to be full rank, which is the case when there are
no common roots among the two subchannels [2], i.e. be-
tween the source-destination channelHsd, and the combined
source-relay-destination channelHrdΓHsr. In addition, a
tall channel matrix implies that blind subspace-based chan-
nel identification techniques can be used [5] when the rank
condition is satisfied. Furthermore, since the MSE in (9) is
quadratic inF , we can use stochastic gradient descent algo-
rithms such as Least Mean Squares (LMS) to adaptively de-
termine the equalizer coefficients of the MMSE equalizer.

Thus, the addition of a naı̈ve amplify-and-forward relay
operating in a half-duplex mode can permit perfect ISI re-
moval with a linear receiver in cases where perfect ISI re-
moval would not otherwise have been possible. In addition,
determination of the MMSE filter taps can be done very eas-
ily with LMS, or with blind subspace-based channel identi-
fication methods. Furthermore, we reiterate that the relay it-
self does not need to perform any frame-synchronization –
though the receiver needs to estimate the effective channel
which may include propagation delays. Finally, we point out
that the MMSE equalizer given by (10) coincides with the
maximal ratio combiner (MRC) when all the channels are
non-frequency selective (i.e. a single tap).

2.3. Equalize-and-Forward

The previous section demonstrated that the naı̈ve amplify-
and-forward protocol can bring about significant benefits in
an ISI channel because a linear equalizer can in some cases
perfectly cancel the ISI. We now consider an equalize-and-
forward protocol where the relay performs linear MMSE equal-
ization with the filterG ∈ C

Ng×N before forwarding its
signal. While we could chooseG to minimize the global
MSE given in (9), this would imply that the relay has access
to the relay-destination channel coefficients which would re-
quire some feedback mechanism. A global MSE minimiza-
tion would likely lead to better system performance, but we
do not assume the existence of a feedback channel in our sys-
tem model, and so we chooseG to minimize the MSE be-
tween the source and the relay output. Thus, the goal of the
equalizer at the relay will be to mitigate ISI introduced on the
source-relay channel. It is not cleara priori if such equal-
ization at the relay is necessarily useful; as suggested by the
example in section 2.1, residual ISI may at times be beneficial
since it can permit a half-duplex relay to assist the destination
in decodingall symbols, even though it only participates half
of the time. Furthermore, since the half-duplex relay only
receives half of the time, it is not clear if an equalizer oper-
ating on a decimated signal can really succeed in equalizing
its received signal. In fact, the decimation at the relay results
in an effective source-relay channelΓHsr that is very wide,
which means that perfect equalization at the relay is not pos-
sible. Nevertheless, we adopt this protocolfaute de mieux for
comparison with the amplify-and-forward protocol.

As the system model is quite similar, we do not present
the equations for the system model due to space constraints.
The only change is that the relay performs equalization of its
decimated input with the filterG before forwarding. We now
derive the MMSE filter taps forG which minimize the MMSE
at the output of the relay. Letting∆r be the designer-chosen
delay through the source-relay channel and relay equalizer,
the MSE becomes

MSEr = E
[

||G⊤(I ⊗ [0N×NIN ])ysr[n] − E∆′x[n]||22

]



whereE∆′ is defined as in (10). Again, the orthogonality
principle gives

G∗
mmse =

(

Heff,rH
H
eff,r + σ2

srINg

)−1

Heff,rE∆r

where

Heff,r = (I ⊗ [0N×NIN ])Hsr

is the effective source-relay channel after decimation. We
note that under the equalize-and-forward protocol, the end-
to-end effective channel matrix given by (7) as well as the
equation for the MMSE equalizerF in (10) need to be modi-
fied to include the equalizer at the relay, which can be accom-
plished by insertion ofG⊤ in the appropriate places. Next,
we investigate the performance of each of these protocols.

3. SIMULATIONS

We now simulate the MSE performance of these schemes
with the following parameters: the symbols are chosen to be
QPSK, the block length is2N = 4, the noise power is as-
sumed to be equal on all channels (representing a situation
where the source, relay, and destination are equidistant),the
channel lengths areNsd = Nsr = Nrd = 3, the equalizer
lengths areNf1 = Nf2 = Ng = 6, and the chosen com-
bined channel/equalizer delays are set at∆ = ∆r = 0. The
3 taps on each of the 3 channels are i.i.d. circular symmet-
ric Gaussian variables (i.e. Rayleigh distributed), wherethe 3
taps have variance (i.e. power decay profile) given by [0.59,
0.29, 0.12]. Thus, while the noise power is identical on all
channels, some may be in deep fade depending on the fading
coefficients. We averaged over 10,000 channels, and plotted
the MSE performance of each of the protocols in Fig. 2. In
addition, we have included the performance of the classical
MMSE equalizer with no relay – and for fairness we allot all
Nf1 + Nf2 equalizer taps to equalization ofysd[n] in this
case.
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Fig. 2. MSE Performance Averaged

Note that it is nearly impossible to discern any differ-
ence between the amplify-and-forward and the equalize-and-
forward protocols, as the two curves lie on top of one another.
We have performed countless other simulations with varied
system parameters, and this seems to be uniformly true. Thus,
it is questionable whether the addition of an equalizer at the
relay is really worth the added complexity. If the relay could
operate in full-duplex mode, or if the destination could feed-
back information about the relay-destination channel, than the
situation would certainly be different.

In the absence of a relay, we observe that the performance
of the equalizer reaches a floor. Because the non-relay-assisted
equalizer is unable the mitigate all of the ISI, its performance
is considerably worse at high SNR. The MSE of the relay-
assisted equalization, on the other hand, decays with SNR.

4. CONCLUSION

We have examined the use of a half-duplex relay in assisting
with the task of linear equalization. We showed that, with
some assumptions about channel rank, a naı̈ve amplify-and-
forward relay can enable perfect ISI removal in situations
where it would not have otherwise been possible. We also
considered an equalize-and-forward protocol, and throughsim-
ulations we showed that this protocol seems to provide little
if any benefit over the simpler amplify-and-forward protocol.
Future work will investigate equalization in the case wherethe
relay channel is not orthogonal to the source-destination chan-
nel, as well as receiver structures for efficiently exploiting the
diversity offered by fading ISI channels in relay-assistedsce-
narios.
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