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ABSTRACT

Multicarrier systems first became widely used for digital
subscriber lines (DSL). In DSL, the performance metric is
the bit rate that can be provided without exceeding a given
bit error rate (BER). Wireless multicarrier systems are be-
coming more popular, and in such systems the appropriate
performance metric is the BER for a given bit rate. Mul-
ticarrier systems are robust to multipath provided that the
channel delay spread is shorter than the guard interval be-
tween blocks. Ifthis condition is not met, a channel shorten-
ing equalizer can be used. Previous work on channel short-
ening has focussed on maximizing the bit rate for DSL. We
propose and evaluate a channel shortener that attempts to di-
rectly minimize the BER of a wireless multicarrier system.

1. INTRODUCTION

There are two types of multicarrier modulation. In in wire-
line systems, it is called discrete multitone (DMT), and wire-
less systems, it is called orthogonal frequency division mul-
tiplexing (OFDM). Examples of wireline multicarrier sys-

tems include power line communications (HomePlug) and
digital subscriber lines (DSL). Examples of wireless multi-
carrier systems include wireless local area networks (IEEE
802.1 1a/g, HIPERLAN/2, MMAC), wireless metropolitan
area networks (IEEE 802.16), digital video and audio broad-
casting in Europe, satellite radio (Sirius and XM Radio),
and multiband ultra wideband (IEEE 802.15.3a).

Multicarrier modulation is robust to multipath, provided
that the delay spread of the transmission channel is less
than the length of the cyclic prefix (CP) between transmit-
ted blocks. If the channel is short, then equalization of the
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channel can be done point-wise in the frequency domain
by a bank of complex scalars, called a frequency-domain
equalizer (FEQ). However, if the channel is longer than the
CP, additional equalization is required. Typically, this takes
the form of a channel shortening equalizer (CSE) [a.k.a. a
time-domain equalizer (TEQ)]. A survey of CSE design for
DSL can be found in [1].

Channel shortening was first applied to maximum like-
lihood sequence estimation [2]. More recently, it has been
used to shorten the long wireline impulse responses encoun-
tered by DSL [3], [4]. While early designs were based on
heuristic cost functions, more recent designs have focussed
on maximizing the bit rate for a given bit error rate [5], [6],
[7], which is the appropriate measurement of performance
in wireline multicarrier systems that allow bit allocation.

Wireless multicarrier systems generally have a fixed bit
allocation, and receiver performance is measured in terms of
bit error rate (BER). Moreover, in wireline systems, once bit
allocation has been done, the CSE can be used to minimize
the BER of that bit allocation. To date, no CSE design in
the literature explicitly minimizes the BER. Hence, the main
goals of this paper are to investigate the BER cost surface
for multicarrier systems, and to develop and assess a CSE
that minimizes the BER.

2. SYSTEM MODEL

We assume a multiple-input multiple-output (MIMO) chan-
nel model with L transmit antennas and P receive antennas.
Throughout, () *, (.)T, and (.)H denote complex conjugate,
matrix transpose, and conjugate transpose, respectively, and
S { } denotes statistical expectation. The notation was cho-
sen to be consistent with [8].

The system model is shown in Fig. 1. We assume that
Na of the N tones are active; for example, in popular wire-
less LANs, N = 64, but only Na = 52 tones are used. The
set of active tones is denoted Sa The data symbols (usu-
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Fig. 1. Complex baseband multicarrier system model.

ally multi-level QAM) are blocked into groups of size Na
and zero-padded to length N. The kth such block for trans-
mitter I is denoted xl (k). Then an inverse discrete Fourier
transform (IDFT), implemented by the fast Fourier trans-
form (FFT), is taken to get N time-domain samples. We
use X to denote the unitary N x N matrix that computes the
DFT, with element (m, n) given by (1/ N)eJ 2wmn/N . A
cyclic prefix is appended by copying the last v samples
of the block to the beginning of the block, and then the
S = N + v samples are transmitted serially. The ih trans-
mitted data sample is denoted xi (i). Note that I indexes
the transmit antenna, p indexes the receive antenna, k is the
block index, n is the tone index, i is the sample index, and

1/7 is the unit imaginary number.
The presence of the CP is represented by

xi (Sk+i) =xi (Sk+i+N), (1)
I < I < L I < i<', -o < k < oo.

Let hl,p be an FIR filter of length Lh, which models the
channel from transmit antenna I to receive antenna p, and
let wp be an FIR filter of length Lw, which is the CSE to be
designed for antenna p. Let Hl,p be the tall channel convo-
lution matrix for hl,p, which is an L, x Lw Toeplitz matrix,
where L, = Lh + L -1.

Define the transmitted signal vectors

xl(i) [xl (i), . . ., x, (i- L + 1)]T ' (2)
T ). XT( T

X('lO [Xi (') ***XL (') (3)

and similarly for Ip(O, 4j(i), yp(i), y(i). We can com-
pactly write the CSE input vector as

HT 1, ,HL,

Y(i) = . . x(i) +ri) (4

The input to the DFT at the receiver is then obtained by
passing the signal through the bank of CSEs,

u(i) = [wl, ... , Wp y(i)

WT

(5)

of the transmission delay A, since the length N DFT input
vector for block k is

u(k) = [u(Sk + v+ 1 + A),... , u(S(k + 1) +A)]T.
(6)

The delay A is a design parameter whose choice affects the
values of the optimal CSE as well as the performance that
can be attained. After the DFT, the FEQ input vector is

u(k) = ¶ u(k). (7)

Finally, the FEQ is used to invert the channel in the fre-
quency domain to estimate the data. Without loss of gen-
erality, we assume that the receiver is attempting to recover
the data from transmitter I = 1. Thus, the FEQ output is

xi(k) =d0a (k), (8)

where @ denotes element-by-element multiplication; and
do contains the FEQ d, a bank ofNa complex scalars, zero-
padded to length N. In a multiuser scheme, the data for
I = 2,... , L can be ignored, or multi-user detection can be
used to mitigate the interference. For a single user, xl may
be the same on all transmitters 1, or an Alamouti-type code
may be used [9].

3. BER MODELS

The goal of this section is to derive a model for the BER
of a multicarrier system. In Section 3.1, we will model the
BER for a multicarrier system in terms of the effective out-
put SNR on the various subchannels, in Section 3.2 we will
review the subchannel SNR model for multicarrier systems
in [8] and extend it to the MIMO case.

3.1. The multicarrier BER model

We assume that the total residual interference and noise at
the output of each tone is Gaussian, and that M-level QAM
signalling (consisting of two orthogonal M-level PAM
signals) is used on each tone. Common wireless LAN stan-
dards support 4-QAM, 16-QAM, and 64-QAM. The proba-
bility of error on each of the PAM components is given by
[10, pp.225-226]

PM(n) = 2 (1

hence the symbol error rate (SER) on tone n is

PM (n) = 2P (n) -(P (n))2, (10)

After channel shortening, the cyclic prefix is removed from
each block and a DFT is applied. This requires an estimate

where SNRn is the effective signal-to-interference-and-noise
ratio on tone n (usually called the subchannel SNR); and
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Q(x) is the integral of a unit Gaussian PDF from x to infin-
ity. For the M = 4 case, (9) is the BER for tone n, and it
reduces to Q (SNR12), which we use here for simplicity.
Averaging (9) and (10) over the active tones, the BER and
the SER for the output of an OFDM system withM = 4 are

BER ; E Q(SNRn),

SER ; S (2Q ( )SNR)
nCES

Q2 (V/S)).
(12)

Either can be used as the objective function to be mini-
mized; we will choose the BER. For comparison, the BM
design [8] uses the objective function

b 5log2(I+SRn), (13)
neS,

where F = 19.1 (or 12.8 dB). In the next section, we model
the subchannel SNR in terms of the CSE coefficients.

3.2. The multicarrier subchannel SNR model

The subchannel SNR can be modelled in various ways [3],
[5], [6], [7], [8], [11]. Most models take the form

wHBn1WSNRn wHAnAW' (14)

where An and Bn are Hermitian positive semi-definite ma-
trices. The distinction between models lies in how the inter-
carrier/intersymbol interference (ICI/ISI) and DFT leakage
are taken into account. In this section, we review the sub-
channel SNR model of [7], [8], although in the more general
context of a MIMO channel model.

The DFT output can be written as

F (Ykw) = (FYk) w, (15)
u(k) Yk,N

where Yk is a block Toeplitz matrix of size N x (PLW),
where each N x Lw sub-block contains the data that will be
convolved with the pth CSE, wP, and successive rows are
vectors yT(0) for successive values of i. Then Yk,N is an
N x (PLW) matrix as well, with nIh the row denoted by
Yk,n. As in [8], define the correlation terms (still assuming
that the user of interest is I = 1)

An S{ xj (k) [n] 2} (16)

pn S{xl (k) [n]yk,n }, (17)

n {Yk,Yk,n} (18)

of dimensions 1 x 1, 1 x PLW, and PLW x PLW, respec-
tively.

Ifthe SNR is measured at the output ofthe FEQ, thenthe
desired signal is an undistorted version of the signal. Then
the subchannel SNR on tone n is the ratio of the power of
the desired signal, x1 (k) [n], to the power ofthe error signal,
ek,. = d4yk,W -xi (k) [n], and is given by

SNRn2 -n

{ ek,n2}2 { dyk,nW xi(k) [n] 2}
72
n

2

d1n wHE w -d1pw- d1p* w* + u2

(19)

The unbiasedMMSE FEQ for tone n is found by setting the
correlation of the input and output on tone n equal to the
transmitted power on tone n [8], and is thus given by

(20)12~~~~7duMMSE (pn
~~OnW

Substituting the FEQ (20) into the subchannel SNR model
(19) yields (14) with

A12An = (7npnCpn12w
Bn =Cn COn,

(21)

(22)

The auto- and cross-correlations can be empirically esti-
mated, assuming sufficient training data is available.

To visualize the model of the BER of (1 1), consider the
channel h = [1, -0.3,0.7], with a CP length of v = 1, so
that we wish to shorten the channel to length 2. A 3-tap
CSE under a unit norm constraint (which does not affect the
BER) can be parameterized by the two angles of spherical
coordinates. Fig. 2 shows log-spaced contours of the BER.
The FFT size was N = 8, and the SNR was 20 dB. Observe
that the BER is multimodal even for this low-dimensional
example.

The case ofno CSE (or a CSE ofw = [1, 0, 0]) is shown
as a dot, the maximum shortening SNR (MSSNR) CSE [4]
is shown as a square, and the CSE that minimizes the BER is
shown as a circle. Here, the MSSNR CSE actually degrades
the BER relative to no CSE, although this is not always the
case.

4. BER MINIMIZATION ALGORITHMS

In this section, we present an iteratively reweighted (IR)
minimum error rate (MER) algorithm, and a Gauss-Newton
(GN) update rule that has better convergence properties. The
development parallels the development of the IR and GN
designs in [8] which maximize the bit rate for systems that
allow bit allocation across the tones.
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Fig. 2. Contours of the BER for a 3-tap CSE under a unit
norm constraint. The CSE is parameterized in spherical co-

ordinates by the angles 0 and p. The cost function is sym-

metric with respect to a sign change in the CSE (w -* w),
which corresponds to (0, q) -> (0 + 7, 7 - ), hence only
half of the critical points are labelled.

4.1. Iterative update rule

We wish to minimize the objective function (11) with re-

spect to the parameter vector 0 = [wT, dT]T, subject to the
constraint of (20). Since minimization of a function is not
affected by scaling the function, we will ignore the leading
factor of 1/Na. A constrained minimization problem can be
transformed into an unconstrained minimization problem by
adding a Lagrangian term,

JL = [Q( )SNR)
nGS,

(23)
where the Na scalars A, are Lagrange multipliers, and the
real operator R {.} ensures a real constraint term. The pro-

cedure we will use to derive the IR update rule is:

1. Set the gradient of (23) with respect to dn equal to
zero, VdJL = 0, and use the result along with the

constraint on dn to solve for An-
2. Compute the gradient of (23) with respect to 0, then

substitute in the values of An-
3.Set the gradient to zero, which gives an equation that

will be satisfied by the BER-minimizing CSE.
4. Replace the expectation with a time average and re-

place the equality with a least-squares minimization.
5. Iteratively solve this minimization problem in the man-

ner of Section II.D) of [8].

Fig. 3. Iteratively reweighted minimum error rate (IR-
MER) CSE design algorithm.

For step 1, the element ofthe gradient from the nih FEQ
parameter is

Vd JL 1= SNR)/ 2 SNR2 {Yk,nW k,n}
/2w VSNRn n~

AnS {Yk,nw IX,n}, (24)

which equals zero at the location of a minimum. Note that
this derivative is very similar to the corresponding eq. (66)
in [8], with the only difference being how Tn is defined.
With this redefinition of -n, the rest of the algorithm devel-
opment is similar to that in [8]. Thus, for space considera-
tions, we simply outline the resulting algorithm in Fig. 3.

4.2. Gauss-Newton update rule

The IR-MER CSE converges only linearly, and this can be
increased via an iterative Gauss-Newton algorithm. Such an

algorithm is a gradient descent algorithm, but the direction
ofthe update vector is adjusted by the inverse ofthe Hessian
of the cost function:

(25)

Again, with the redefinition ofthe weights an, the algorithm
development is similar to that in [8]. Thus, for space consid-
erations, we simply outline the resulting algorithm in Fig. 4.

5. SIMULATIONS

Consider a wireless system with FFT size N = 64, CP
length v = 16, and Na = 52 active tones (hence 12 null
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After estimating the correlation terms (72, fp, and 2 in
(16), (17), and (18) from time averages, loop through:

1. Estimate the weights an based on the previous value
of the CSE:

-2 U2 wHE w

P WH(pH(pI w

p2 1SNRn =p- 2-T
(i+SNRn)2 (SNRn)/2 (i+SNRn)2

an- N 2 aYn ; 2

2. Compute the LS estimate of the biased MMSE FEQ
wH- nwH 2wdn - H2n

3. Compute the LS estimate of the new CSE:

W {Zn~S2n 2n~}{Zn9g-nd*rpP}
2

2'R An dn.pnw (7n

-I

Oi+i = Oi 11, v2 i VOJ0 oi



Fig. 4. Gauss-Newton minimum error rate (GN-MER) CSE
design algorithm.
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Fig. 5. Bit error rate vs. SNR for various CSE designs.

tones), as in popular wireless LAN standards. The channels
are Rayleigh fading with 32 taps, using the delay profile of
[12]. We assume L = 1 transmit antenna and P = 2 re-

ceive antennas. The correlation parameters or2, p,, and En
were estimated using 1000 symbols of training. The results
will be averaged over 250 independently generated chan-
nels, data, and noise sequences.

Fig. 5 shows the BER versus SNR. The designs consid-
ered are no CSE, an MSSNR CSE, the proposed IR-MER
CSE, the proposed GN-MER CSE, and the GN-BM design
of [8]. The MSSNR CSE was used to initialize the IR and
GN algorithms. The proposed IR and GN algorithms out-

perform all of the others, including the GN-BM algorithm,
although the IR algorithm does not do as well as the GN at
high SNR values.

6. REFERENCES

[1] R. K. Martin, K. Vanbleu, M. Ding, G. Ysebaert, M. Milo-
sevic, B. L. Evans, M. Moonen, and C. R. Johnson, Jr.,
"Unification and Evaluation of Equalization Structures and
Design Algorithms for Discrete Multitone Modulation Sys-
tems," IEEE Trans. on Signal Processing, vol. 53, no. 10,
pp. 3880-3894, Oct. 2005.

[2] D. D. Falconer and F. R. Magee, "Adaptive Channel Mem-
ory Truncation for Maximum Likelihood Sequence Estima-
tion," Bell Sys. Tech. Journal, pp. 1541-1562, Nov. 1973.

[3] N. Al-Dhahir and J. M. Cioffi, "Optimum Finite-Length
Equalization for Multicarrier Transceivers," IEEE Trans. on

Comm., vol. 44, no. 1, pp. 56-64, Jan. 1996.

[4] P. J. W. Melsa, R. C. Younce, and C. E. Rohrs, "Impulse
Response Shortening for Discrete Multitone Transceivers,"
IEEE Trans. on Comm., vol. 44, pp. 1662-1672, Dec. 1996.

[5] G. Arslan, B. L. Evans, and S. Kiaei, "Equalization for Dis-
crete Multitone Receivers To Maximize Bit Rate," IEEE
Trans. on Signal Processing, vol. 49, no. 12, pp. 3123-3135,
Dec. 2001.

[6] M. Milosevic, L. F. C. Pessoa, B. L. Evans, and R. Baldick,
"DMT Bit Rate Maximization with Optimal Time Domain
Equalizer Filter Bank Architecture," in Proc. IEEEAsilomar
Conf on Signals, Systems, and Comp., Pacific Grove, CA,
Nov. 2002, vol. 1, pp. 377-382.

[7] K. Vanbleu, G. Ysebaert, G. Cuypers, M. Moonen, and
K. Van Acker, "Bitrate Maximizing Time-Domain Equalizer
Design for DMT-based Systems," IEEE Trans. on Comm.,
vol. 52, no. 6, pp. 871-876, June 2004.

[8] K. Vanbleu, G. Ysebaert, G. Cuypers, and M. Moonen, "On
Time-Domain and Frequency-Domain MMSE-Based TEQ
Design for DMT Transmission," IEEE Trans. Signal Pro-
cessing, vol. 53, no. 8, pp. 3311-3324, Aug. 2005.

[9] S. M. Alamouti, "A Simple Transmit Diversity Technique
for Wireless Communications," IEEE Journal on Selected
Areas in Comm., vol. 16, pp. 1451-1458, Oct. 1998.

[10] G. L. Stuber, Principles ofMobile Communication, Kluwer
Academic Publishers, Boston, 1996.

[11] W. Henkel and T. Kessler, "Maximizing the Channel Capac-
ity of Multicarrier Transmission by Suitable Adaptation of
the Time-domain Equalizer," IEEE Trans. on Comm., vol.
48, no. 12, pp. 2000-2004, Dec. 2000.

[12] R. K. Martin, J. M. Walsh, and C. R. Johnson, Jr., "Low
Complexity MIMO Blind, Adaptive Channel Shortening,"
IEEE Trans. on Signal Processing, vol. 53, no. 4, pp. 1324-
1334, Apr. 2005.

After estimating the correlation terms 72, (p,, and E2 in
(16), (17), and (18) from time averages, loop through:

1. SameasFig.3.
2. SameasFig.3.
3. Compute the following:

d,2
Ed d EE

F = [n. [e)'d (Ewn)] 1

GW,D = diag [.an (wHEW) ...]

Qo = Ed- FOGW'DF
'VWJ = EnGS, andn ( nn-Cn)

4. For a small step size ,u, compute the new CSE:
Wnew = Wold -I Q01 (VWJ)

5. Renormalize the CSE:
Wnew = Wnew / Wnew


